Let G be a finite group and let cd(G) be the set of irreducible character degrees of G. The degree graph ∆(G) is the graph whose set of vertices is the set of primes that divide degrees in cd(G), with an edge between p and q if pq divides a for some degree a ∈ cd(G). We compile here the graphs ∆(G) for all finite simple groups G.
INTRODUCTION
The theory of characters is an important tool in the study of finite groups. The irreducible complex characters of a finite group G encode much information about the structure of G. For example, using these characters it is possible to determine the normal subgroups of G and therefore whether G is simple. It is also possible to determine if G is abelian, nilpotent, or solvable.
Somewhat surprisingly, it is also possible to obtain some information just from the set of degrees of the characters, that is, their (integer) values on the identity element of G. There has recently been much interest in studying the connections between the structure of a finite group G and the structure of its set of character degrees. Of particular interest is the connection between the structure of G and common divisors among character degrees. A useful tool for studying this connection is the character degree graph.
Let G be a finite group and let Irr(G) be the set of ordinary irreducible characters of G. Denote the set of irreducible character degrees of G by cd(G) = {χ(1)|χ ∈ Irr(G)} and denote by ρ(G) the set of primes that divide degrees in cd(G). The character degree graph ∆(G) of G is the graph whose set of vertices is ρ(G), with primes p, q in ρ(G) joined by an edge if pq divides a for some character degree a ∈ cd(G).
Finally, in §6, we summarize the results on connectedness and diameters of the degree graphs of the simple groups.
We say that a graph is a complete graph if there is an edge between every pair of vertices. Thus ∆(G) is a complete graph if whenever p and q are any distinct primes dividing character degrees of G, there is some χ ∈ Irr(G) such that pq | χ(1). The graph ∆(G) tends to be a complete graph for simple groups G. In fact, ∆(G) fails to be complete only for certain "small" simple groups.
Moreover, many groups satisfy the stronger condition that there is a character χ ∈ Irr(G) such that every prime in ρ(G) divides χ (1) . In this case, we say G has covering number 1. (The covering number is the smallest number of irreducible character degrees required to "cover" the primes in ρ(G).) It is shown in [1] that Alt(n) has covering number 1 for all n 15.
Notice that if ∆(G) is a complete graph but G does not have covering number 1, then a proof that the graph is complete requires at least three character degrees. In our proofs, particularly for the sporadic and small alternating groups, we attempt to use the fewest possible degrees in each case. Of course, if ∆(G) is not complete, all degrees must be used in order to determine the graph.
Our notation is mostly standard. Notation for the sporadic simple groups is as in the Atlas [3] , as are the labels for the characters of the small alternating groups. We refer the reader to [2] for notation and results for the simple groups of Lie type. We will use π(n) to denote the set of prime divisors of a positive integer n. If G is a nonabelian finite simple group, then by the Itô-Michler Theorem (see [15, Remarks 13.13] ), ρ(G) = π(|G|). We will also denote by Φ k = Φ k (q) the value of the kth cyclotomic polynomial evaluated at q.
SPORADIC SIMPLE GROUPS
We first describe the graph ∆(G) for a sporadic simple group G. As noted in the introduction, the explicit character tables of the sporadic groups are known, so it is straightforward to determine the graphs. The graphs were described partially in [11, Lemma 2.3] , but the graphs and proofs have not appeared in print elsewhere. It was shown in [11] that the sporadic simple group J 1 is the only simple group whose degree graph has diameter greater than 2, and the diameter of ∆(J 1 ) is 3. and ρ(M 23 ) = {2, 3, 5, 7, 11, 23}. It is easily verified that the complete graph on {2, 3, 5, 7, 11} is a subgraph of ∆(M 23 ) and that 23 is adjacent to each of 2, 3, 5, and 11, but not to 7.
The orders of the remaining sporadic groups are listed in Table 1 . It is easily verified that ∆(G) is a complete graph by considering the character degrees in Table 2, Table 3, and Table 4 . The groups listed in Table 4 are those for which a single irreducible character degree is divisible by all primes in π(|G|), that is, the sporadic groups with covering number 1.
ALTERNATING GROUPS
We next consider the simple alternating groups Alt(n) for n 5. The graphs for these groups are complete except when n = 5, 6, or 8, and in fact, Alt(n) has covering number 1 for all n 15 by [1] . The exceptions in this case are also special cases for the linear groups ( §5.1), because Alt(5) ∼ = PSL 2 (4) ∼ = PSL 2 (5), Alt(6) ∼ = PSL 2 (9), and Alt(8) ∼ = PSL 4 (2).
Theorem 3.1. Let G = Alt(n), the alternating group of degree n, with n 5. If n is not 5, 6, or 8, then the graph ∆(G) is complete. The graphs for Alt(5), Alt (6) , and Alt(8) are as follows. Proof. For the graphs of Alt(5), Alt(6), and Alt(8), we have
∆(Alt(5)) is
by the Atlas [3] character tables. Therefore the graphs are as claimed. We also have cd(Alt(7)) = {1, 2 · 3, 2 · 5, 2 · 7, 3 · 5, 3 · 7, 5 · 7}, so ∆(Alt (7)) is complete. The character degrees needed to prove that the graphs of Alt(n) are complete for 9 n 14 are given in Table 5 . The degrees for n 13 may be found in the Atlas [3] , and the degrees for Alt (14) were computed using GAP [5] .
It is shown by M. Barry and M. Ward in [1] that for n 15, Alt(n) has an irreducible character whose degree is divisible by all primes dividing the order of Alt(n). Therefore ∆(Alt(n)) is complete for all n 15.
EXCEPTIONAL GROUPS OF LIE TYPE
In this section, G is a simple group of exceptional Lie type. Thus G will be one of the following:
(See [2] or [3] for notation.) Note that certain values of q are excluded for some types because the corresponding groups are not simple. The group 2 B 2 (2) is solvable. The derived groups of G 2 (2) and 2 G 2 (3) are simple but are isomorphic to the simple classical groups 2 A 2 (3 2 ) and A 1 (8), respectively, which will be considered in §5. The derived group of 2 F 4 (2) is simple and does not appear elsewhere in the classification of finite simple groups, so will be considered here.
and m ≥ 1. The set of primes ρ(G) can be partitioned as
The subgraph of ∆(G) on ρ(G) − {2} is complete and 2 is adjacent in ∆(G) to precisely the primes in π(q 2 − 1).
where Φ 
′ has character degrees χ 6 (1) = 78 = 2 · 3 · 13, χ 7 (1) = 300 = 2 2 · 3 · 5 2 , and χ 8 (1) = 325 = 5 2 · 13, and these degrees show that the graph is complete.
For the other cases, the group orders are given in Table 6 and the degrees used to prove that the graphs are complete are given in Table 7 and Table 8 . See [2] for the notation for the character labels and see [18] for details of the proof.
CLASSICAL GROUPS OF LIE TYPE
The classical groups of Lie type are the classical simple linear, unitary, symplectic, and orthogonal groups. For the classical groups, it is generally easier to compute the degrees of the so-called adjoint group, which contains the simple group of the given type as a normal subgroup. For the purpose of finding the character degree graphs, we will use the degrees for the adjoint groups along with the following well-known lemma (see [8, Corollary 11 .29]).
, and µ is a constituent of the restriction of χ to N , then χ(1)/d divides µ(1).
Various notations are used for these groups. In the terminology of groups of Lie type, the linear groups are of type A ℓ , the unitary groups are of type 2 A ℓ , the various orthogonal groups are of types B ℓ , D ℓ , and 2 D ℓ , and the symplectic groups are of type C ℓ . The table below gives the classical matrix group notation and the notation used in the Atlas [3] for these groups. Also listed are the adjoint group and the index of the simple group in the adjoint group for each type. The notation for the adjoint groups is as in [2] .
Lie
Simple Group Adjoint Type Classical Atlas Group Index
Type A ℓ : Linear Groups
In this section, G is the projective special linear group PSL ℓ+1 (q) of type A ℓ , where q is a power of a prime p and ℓ 1. If ℓ = 1, then we take q 4, as PSL 2 (2) and PSL 2 (3) are not simple. Note also that PSL 2 (5) ∼ = PSL 2 (4) ∼ = Alt(5).
4 is a power of a prime p.
1. If q is even, then ∆(G) has three connected components, {2}, π(q−1), and π(q + 1), and each component is a complete graph.
2.
If q > 5 is odd, then ∆(G) has two connected components, {p} and π ((q − 1)(q + 1)).
(a) The connected component π ((q − 1)(q + 1)) is a complete graph if and only if q − 1 or q + 1 is a power of 2.
(b) If neither of q −1 or q +1 is a power of 2, then π ((q − 1)(q + 1)) can be partitioned as {2} ∪ M ∪ P , where M = π(q − 1) − {2} and P = π(q + 1) − {2} are both nonempty sets. The subgraph of ∆(G) corresponding to each of the subsets M , P is complete, all primes are adjacent to 2, and no prime in M is adjacent to any prime in P .
where ǫ = (−1) (q−1)/2 . See [19] for details.
We next describe the degree graph for PSL 3 (q). Note that PSL 3 (2) ∼ = PSL 2 (7), so if q = 2, then the graph is described in Theorem 5.2. We will therefore take q > 2. 
If q > 4, then by the character table of G in either [16] or the CHEVIE system [6] , every character degree of G divides one of the degrees in the subset
of cd(G). The theorem follows from these lists of degrees. See [19] for details.
We now consider the simple groups of type A ℓ for all ℓ 3. The one exceptional case is PSL 4 (2), which is isomorphic to the alternating group Alt(8). Proof. The order of G ∼ = PSL ℓ+1 (q) is given by
. Therefore ρ(G) is precisely the set of primes dividing q or some Φ k for 1 k ℓ + 1. For ℓ 4, the graph ∆(PSL ℓ+1 (q)) is seen to be complete using Lemma 5.1 and the following degrees of PGL ℓ+1 (q):
.
For ℓ = 3, so G ∼ = PSL 4 (q), the primes in ρ(G) are those primes dividing one of q, Φ 1 , Φ 2 , Φ 3 , or Φ 4 . In this case, PGL 4 (q) has the degrees
For q = 3, these are sufficient to prove that the graph is complete. For q > 3, PGL 4 (q) also has the degree χ(1) = qΦ 2 Φ 3 Φ 4 , and the graph is shown to be complete using this degree along with those listed above and Lemma 5.1. Finally, if q = 2, then G ∼ = PSL 4 (2) ∼ = Alt(8), and
as noted in Theorem 3.1. The graph follows in this case. See [19] for details.
Type

A ℓ : Unitary Groups
In this section, G is the projective special unitary group PSU ℓ+1 (q 2 ) of type 2 A ℓ , where q is a power of a prime p. Note that this case is very similar to the case where G is of type A ℓ . Roughly speaking, replacing q with −q in the results for type A ℓ yields the analogous results for type 2 A ℓ . Because PSU 2 (q 2 ) ∼ = PSL 2 (q), we take ℓ 2. If ℓ = 2, then we take q > 2, as PSU 3 (2 2 ) is not simple.
, where q > 2 is a power of a prime p.
The graph ∆(G)
is complete if and only if q satisfies q + 1 = 2 i 3 j for some i 0, j 0.
2. If q > 2, then ρ(G) = {p} ∪ π (q − 1)(q + 1)(q 2 − q + 1) . The subgraph of ∆(G) corresponding to π (q − 1)(q + 1)(q 2 − q + 1) is complete, and p is adjacent to precisely those primes dividing q − 1 or q 2 − q + 1.
Proof. Since q > 2, the character table of G in either [16] or the CHEVIE system [6] shows that every character degree of G divides one of the degrees in the subset
of cd(G). The graph follows from this list of degrees. See [19] for details.
We next determine the graph ∆(G) for the simple groups of type
2
A ℓ for all ℓ 3.
, where ℓ 3 and q is a power of a prime p, then the graph ∆(G) is complete.
Proof. The order of G ∼ = PSU ℓ+1 (q 2 ) is given by
. Therefore ρ(G) is precisely the set of primes dividing q or some q k − (−1) k for 2 k ℓ + 1. If (ℓ, q) is in {(3, 2), (3, 3), (4, 2)}, then in each case there is an irreducible character whose degree is divisible by all primes in ρ(G). Using Atlas [3] notation for the characters, we have ρ(PSU 4 (2 2 )) = {2, 3, 5} and χ 11 (1) = 30 = 2 · 3 · 5, ρ(PSU 4 (3 2 )) = {2, 3, 5, 7} and χ 8 (1) = 210 = 2 · 3 · 5 · 7, and ρ(PSU 5 (2 2 )) = {2, 3, 5, 11} and χ 26 (1) = 330 = 2 · 3 · 5 · 11. Hence ∆(G) is complete in these cases.
If (ℓ, q) ∈ {(3, 2), (3, 3), (4, 2)}, then PU ℓ+1 (q 2 ) has the character degrees
For ℓ 4, these degrees, along with Lemma 5.1, are sufficient to prove the graph is complete. If ℓ = 3, so G ∼ = PSU 4 (q 2 ), then the primes in ρ(G) are those primes dividing one of q, Φ 1 , Φ 2 , Φ 4 , or Φ 6 . In this case, since q > 3, PU 4 (q 2 ) has degrees
The graph is shown to be complete for ℓ = 3 and q > 3 using these degrees and Lemma 5.1. See [19] for details.
Type B ℓ : Odd Dimensional Orthogonal Groups
In this section, G is the simple odd dimensional orthogonal group Ω 2ℓ+1 (q) (or O 2ℓ+1 (q) in Atlas [3] notation) of type B ℓ , where q is a power of a prime p. Since B 1 (q) ∼ = A 1 (q), we assume ℓ 2, and since B 2 (2) is isomorphic to the symplectic group Sp 4 (2), which is not simple, we assume q > 2 when ℓ = 2. Proof. The order of G is given by
. It follows that ρ(G) consists of p and the primes dividing Φ j or Φ 2j for j = 1, . . . , ℓ. If ℓ 3, then SO 2ℓ+1 (q) has character degrees
. These degrees, along with Lemma 5.1, are sufficient to show ∆(G) is complete for ℓ 3.
As noted above, G is not simple if q = 2. If q = 3, then |G| = 2 6 · 3 4 · 5 and, by the Atlas [3] character table, G has the character degree χ 11 (1) = 30 = 2 · 3 · 5, so the graph is complete. Hence we may assume q > 3. The order of G is
and the character tables in [17] and [4] show that for q > 3, G has the character degrees
These degrees show that the graph ∆(G) is complete for ℓ = 2. See [20] for details.
Type C ℓ : Symplectic Groups
In this section, G is the simple symplectic group PSp 2ℓ (q) of type C ℓ , where q is a power of a prime p. Since C 2 (q) ∼ = B 2 (q) for all q, we assume ℓ 3.
is a simple group of type C ℓ , where ℓ 3 and q is a power of a prime p, then the graph ∆(G) is complete.
Proof. Since C ℓ (q) ∼ = B ℓ (q) for all ℓ if q is even, by Theorem 5.7 we may assume q is odd. Since q is odd, the order of G ∼ = PSp 2ℓ (q) is
It follows that ρ(G) consists of p and the primes dividing Φ j or Φ 2j for j = 1, . . . , ℓ. If ℓ 4, then the projective conformal symplectic group PCSp 2ℓ (q) has character degrees
(see [20, Lemma 2.3] ), and we have [PCSp 2ℓ (q) : PSp 2ℓ (q)] = 2. Using Lemma 5.1, these degrees are sufficient to show that ∆(G) is complete for ℓ 4. Now let ℓ = 3 so that G ∼ = PSp 6 (q). The order of G is
Since q is odd, the character table of the conformal symplectic group CSp 6 (q) is available in the CHEVIE system [6] . This table shows that PCSp 6 (q) has a character of degree
and since [PCSp 6 (q) : PSp 6 (q)] = 2, this degree, along with Lemma 5.1, shows that ∆(G) is complete. See [20] for details. Proof. The order of G is given by
.19] for notation.) It follows that ρ(G) consists of p, the primes dividing Φ j or Φ 2j for j = 1, . . . , ℓ − 1, and the primes dividing Φ ℓ . If ℓ ≥ 6, then P(CO 2ℓ (q) 0 ) has character degrees
(see [20, Lemma 2.4] ). Using Lemma 5.1, these degrees are sufficient to show ∆(G) is complete when ℓ 6.
4 Φ 5 Φ 6 Φ 8 and P(CO 10 (q) 0 ) has character degree
Finally, let ℓ = 4. If q = 2, then |G| = 2 12 · 3 5 · 5 2 · 7 and by the character table of G in the Atlas [3] , G has an irreducible character of degree χ 11 (1) = 210 = 2·3·5·7. If q = 3, then |G| = 2 12 ·3 12 ·5 2 ·7·13 and again by the Atlas character table, G has the degree χ 17 (1) = 5460 = 2 2 · 3 · 5 · 7 · 13. Hence ∆(G) is a complete graph if q = 2 or q = 3.
If ℓ = 4 and q > 3, then
and P(CO 8 (q) 0 ) has character degrees Proof. The order of G is given by
.19] for notation.) It follows that ρ(G) consists of p, the primes dividing Φ j or Φ 2j for j = 1, . . . , ℓ − 1, and the primes dividing Φ 2ℓ .
If ℓ 5, then P(CO 
DIAMETERS OF DEGREE GRAPHS
Combining the results above, we have the following theorem summarizing results on connectedness and diameters of degree graphs of simple groups. This result is used in [12] to improve the bound on the diameter of the degree graph for nonsolvable groups found in [11] . 
the linear group PSL 3 (q), where q > 2 is even or q is odd and q − 1 is divisible by a prime other than 2 or 3, or (e) the unitary group PSU 3 (q 2 ), where q > 2 and q + 1 is divisible by a prime other than 2 or 3. 
